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Abstract
In this note, we construct a Wess-Zumino-Witten model based on the Galilean
conformal algebra in 2-spacetime dimensions, which is a nonrelativistic analogue of
the relativistic conformal algebra. We obtain exact background corresponding to σ-
models in six dimensions (the dimension of the group manifold) and a central charge
c = 6. We carry out a Sugawara type construction to verify the conformal invariance
of the model. Further, we discuss the feasibility of the background obtained as a
physical spacetime metric.
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1
The Wess-Zumino-Witten (WZW) model is a typical example of a conformal field
theory in 2-dimensions. They have been studied extensively in the context of string theory
since they are known to yield a class of exact string backgrounds. Given a semisimple Lie
algebra g, it is fairly straight forward to construct a WZW model out of it. But when
one attempts to carry out a similar construction based on nonsemisimple algebras one
encounters complications. The WZW action on a Riemann surface Σ is defined through
SWZW (g) =
1
4π
∫
Σ
d2σΩABA
A
αA
Bα +
i
12π
∫
B,∂B≡Σ
d3σǫαβγΩCDf
D
ABA
AαABβACγ (1)
(a sum over repeated indices is implicit) where the indices α, β, γ are defined on the 3-
manifold B whereas the indices A,B,C,D are defined on the group manifold G with
algebra g and generators TA and the gauge fields AAα ’s are defined through g
−1∂αg =
AAαTA. B is a 3-manifold bounded by Σ, i.e., ∂B = Σ. The fields are mappings from the
Riemann surface Σ to the target manifold G, which is equipped with a metric structure
ΩAB. Further, we have extended the map g : Σ→ G to g : B → G in an unspecified way.
As is evident above, the construction of the WZW action from a Lie algebra g requires
the existence of a bilinear form in the generators TA and a natural choice is to take this
to be the Cartan-Killing form 3
ΩAB = f
D
AC f
C
BD (2)
where the structure constants are defined as [TA, TB] = f
C
AB TC . One of the hallmarks
of nonsemisimple algebras is the fact that the Cartan-Killing form becomes degenerate
(noninvertible) which renders it unsuitable as a well-behaved metric on the group man-
ifold G. One is then compelled to explore alternative avenues to find a suitable bilinear
form which is well-defined even for nonsemisimple algebras and hence, can be used for the
WZW construction. It was first shown by Nappi and Witten [1] how to tackle this problem
for the case of 2-dimensional Euclidean group with central extension and they obtained
a σ-model describing string propagation in 4-dimensional gravitational plane wave back-
ground. The analysis was subsequently generalized to d-dimensional centrally extended
Euclidean algebra in [2]. Further work in this direction can be found in [3, 4, 5, 6, 7, 8].
In this note we shall construct a WZW model based on the Galilean conformal algebra
(GCA) in 2-dimensions which we denote as gca(2). GCA is a nonsemisimple algebra and
physically it is the algebra of nonrelativistic conformal symmetries. This makes it sig-
nificant in the study of condensed matter systems, which are essentially nonrelativistic.
3We shall use ΩAB to denote the nondegenerate bilinear form. Later, we shall use ωAB to denote the
degenerate Cartan-Killing metric defined in terms of the structure constants.
2
Recently, the AdS/CFT correspondence has emerged as a key tool for the investigation
of such condensed matter systems near phase transition by establishing their duality with
suitable gravity systems. In this context, GCA has the potential to play a vital role in
our endeavour to generalize the AdS/CFT correspondence to a nonrelativistic setting and
study various real life strongly interacting systems. This provides the primary motivation
for studying the GCA in more detail. In this note we have attempted to construct a WZW
model starting from gca(2), driven by the curiosity whether it can yield an exact string
background. Along the way we also find a new nondegenerate quadratic form defined
over the group manifold by alluding to an isomorphism between gca(2) and the Poincare´
algebra in (2 + 1)-dimensions, iso(2, 1).
Before proceeding further, let us briefly review the essential features of the GCA.
Conformal Galilean algebra (and the closely related Schro¨dinger group) has been studied
extensively in various contexts for a long time (see, for example, [9, 10, 11, 12, 13, 14]).
Recently, it attracted renewed interest when Bagchi and Gopakumar [15] tried to exploit
it in their attempts to systematically arrive at a nonrelativistic version of the AdS/CFT
correspondence. Later it was discussed in the context of 2-dimensional spacetime by
Bagchi et al in [16]. GCA is obtained by the well-known method of group contraction
applied to the relativistic conformal group SO(d+ 1, 2) in (d + 1)-spacetime dimensions
in the same way as the Galilean algebra is obtained from the Poincare´ algebra. The
generators of GCA obey the algebra
[L(m), L(n)] = (m− n)L(m+n),
[Jij,M
(m)
k ] = −
(
M
(m)
i δjk −M (m)j δik
)
,
[L(m),M
(n)
i ] = (m− n)M (m+n)i
(3)
along with the standard commutation between [Jij, Jkl] and the remaining commuta-
tors vanish. Here m,n = 0,±1 and i, j, k denote spatial indices. One can see that the
generators L(m) span a sl(2, R) subalgebra. Another remarkable result is that the finite-
dimensional GCA, as given above, can be extended to an infinite-dimensional algebra
(also sometimes referred to as GCA) by uplifting n to an arbitrary integer and redefining
Jij as J
(n)
ij = −tn(xi∂j − xj∂i).
In this note we shall consider gca(2) with n = 0,±1 which follow the algebra
[L(m), L(n)] = (m− n)L(m+n), (4a)
[L(m),M (n)] = (m− n)M (m+n), (4b)
[M (m),M (n)] = 0. (4c)
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Henceforth, we shall denote the generators by {L(0,±),M (0,±)}. The Abelian subalgebra in
Eq.(4c) is responsible for making gca(2) nonsemisimple. The degenerate Cartan-Killing
form is given by [17],
ωAB = f
D
AC f
C
BD =


0 0 −2 0 0 0
0 1 0 0 0 0
−2 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0


(5)
where the indices A,B run from 1-6 and we have performed the following identification
between the indices of the generators of gca(2) and the generators TA of a Lie group.(
L(−), L(0), L(+),M (−),M (0),M (+)
) 7−→ (T1, T2, T3, T4, T5, T6) (6)
for computing ωAB. The upper left 3 × 3 nondegenerate block stems from the sl(2, R)
subalgebra spanned by L(0,±). However, gca(2) does allow for a nondegenerate 2-form
defined over the whole group manifold, similar to the Nappi-Witten algebra [1] or the
Abelian extension of the d-dimensional Euclidean algebra [2]. The general way to con-
struct a nondegenerate 2-form for such nonsemisimple algebra goes by the name of double
extension as discussed in [18]. However, here we shall obtain the nondegenerate bilinear
form in a different way by exploiting an isomorphism between iso(2, 1) and gca(2), first
discussed in the context of the BMS-GCA correspondence in [19].
The quadratic form ΩAB that we are seeking has to respect the following constraints:
ΩAB = ΩBA,
f DAB ΩCD + f
D
AC ΩBD = 0,
ΩABΩ
BC = δ CA .
(7)
It turns out that the algebra given in Eq.(4) is isomorphic to the (2 + 1)-dimensional
Poincare´ algebra iso(2, 1),
[Ja, Jb] = ǫabcJ
c, [Ja, Pb] = ǫabcP
c, [Pa, Pb] = 0 (8)
where the indices a, b, c take values 1, 2, 3. ISO(2, 1) is a 6-dimensional nonsemisimple
group and apart from the usual quadratic Casimir C(1) = PaP
a, admits an additional one
- the helicity JaP
a,4
C(2) = JaP
a = κ˜ABT˜AT˜B (9)
4iso(2, 1) can be obtained as a contraction of sl(2, R)× sl(2, R), the isometry group of AdS3, which
admits two bilinear forms. However, only one of them remains nondegenerate in the flat space limit. This
is the bilinear form we use here.
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with T˜A being the generators of ISO(2, 1) with the identification
{J1, J2, J3, P1, P2, P3} 7−→ {T˜1, T˜2, T˜3, T˜4, T˜5, T˜6}.
Upon performing the following identification
J1 =
1
2
(
L(+) + L(−)
)
, J2 =
1
2i
(
L(−) − L(+)) , J3 = −iL(0), (10a)
P1 =
1
2
(
M (+) +M (−)
)
, P2 =
1
2i
(
M (−) −M (+)) , P3 = −iM (0) (10b)
we can easily establish the isomorphism between iso(2, 1) and gca(2). The nondegenerate
quadratic form corresponding to C(2) in the basis {Ja, Pa} is
κ˜AB =
1
2


0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1
1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0


. (11)
Written in the basis {L(0,±),M (0,±)} the helicity operator simply assumes the form JaP a =
1
2
(
L(+)M (−) + L(−)M (+) − 2L(0)M (0)) and the corresponding nondegenerate 2-form is
κAB =
1
4


0 0 0 0 0 1
0 0 0 0 −2 0
0 0 0 1 0 0
0 0 1 0 0 0
0 −2 0 0 0 0
1 0 0 0 0 0


(12)
which, when inverted, at once yields the quadratic form we are seeking
κAB = 2


0 0 0 0 0 2
0 0 0 0 −1 0
0 0 0 2 0 0
0 0 2 0 0 0
0 −1 0 0 0 0
2 0 0 0 0 0


. (13)
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The most general quadratic form defined on gca(2) is then of the form
ΩAB = kωAB − κAB =


0 0 −2k 0 0 −2
0 k 0 0 1 0
−2k 0 0 −2 0 0
0 0 −2 0 0 0
0 1 0 0 0 0
−2 0 0 0 0 0


(14)
where we have absorbed the factor of 2 in Eq.(13) into the arbitrary constant k while
taking the linear combination. It is straightforward to verify that the above bilinear form
indeed satisfies the constraints in Eq.(7). Now to explicitly evaluate the action given in
Eq.(1) one requires to find the gauge fields AAα ’s. At this point, for definiteness, we need
to fix a particular parametrization of the group element g which we do as
g = ea+L
(+)
ea0L
(0)
ea−L
(−)
eb+M
(+)
eb0M
(0)
eb−M
(−)
. (15)
By repeated use of the identity,
e−AuBeAu = B − u[A,B] + u
2
2!
[A, [A,B]]− · · ·
we find
g−1∂αg = L
(−)[a2
−
ea0∂αa+ + a−∂αa0 + ∂αa−]
+ L(0)[2a−e
a0∂αa+ + ∂αa0] + L
(+)[ea0∂αa+]
+M (−)[ea0∂αa+(2a−b− − a2−b0) + ∂αa0(b− − b0a−)− b0∂αa− + ∂αb−]
+M (0)[ea0∂αa+(2b− − 2a2−b+)− 2b+a−∂αa0 − 2b+∂αa− + ∂αb0]
+M (+)[ea0∂αa+(b0 − 2a−b+)− b+∂αa0 + ∂αb+] (16)
from where we can easily extract out the gauge fields AAα ’s (making the identification
given in Eq.(6)),
A1α = a
2
−
ea0∂αa+ + a−∂αa0 + ∂αa−,
A2α = 2a−e
a0∂αa+ + ∂αa0,
A3α = e
a0∂αa+,
A4α = e
a0∂αa+(2a−b− − a2−b0) + ∂αa0(b− − b0a−)− b0∂αa− + ∂αb−,
A5α = e
a0∂αa+(2b− − 2a2−b+)− 2b+a−∂αa0 − 2b+∂αa− + ∂αb0,
A6α = e
a0∂αa+(b0 − 2a−b+)− b+∂αa0 + ∂αb+.
(17)
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Using Eqs.(14,17) one can then explicitly compute the terms in the action SWZW (g).
After some tedious calculation the final form of the action thus obtained is
SWZW (g) =
1
4π
∫
Σ
d2σ[{−4kea0∂αa−∂αa+ − 4∂αa−∂αb+ + k(∂αa0)2 + 2∂αa0∂αb0
− 4a−∂αa0∂αb+ − 4ea0∂αa+∂αb− + 4a−ea0∂αa+∂αb0 − 4a2−ea0∂αa+∂αb+)}
+ iǫαβ{4ka−ea0∂αa0∂βa+ − 4a+ea0∂αa0∂βb− + 4a−∂αa0∂βb+
− 4a−ea0∂αa+∂βb0 + 4a2−1ea0∂αa+∂βb+}]. (18)
We are now in a position to compare the above action with the σ-model action which is
of the form
S =
∫
d2σ
(
GMN∂αX
M∂αXN + iBMNǫαβ∂
αXM∂βXN
)
(19)
where XM = {a−, a0, a+, b−, b0, b+} are the coordinates on a 6-dimensional manifold
equipped with the metric GMN and BMN is the antisymmetric field. Upon compari-
son we find that the WZW model describes a 6-dimensional spacetime with the metric
(omitting an overall factor of 1/4π)
ds2 = −4kea0da−da+ − 4da−db+ + k(da0)2 + 2da0db0 − 4a−da0db+
− 4ea0da+db− + 4a−ea0da+db0 − 4a2−ea0da+db+ (20)
which can be recast more compactly in matrix form as
GMN =


0 0 −2kea0 0 0 −2
0 k 0 0 1 −2a−
−2kea0 0 0 −2ea0 2a−ea0 −2a2−ea0
0 0 −2ea0 0 0 0
0 1 2a−e
a0 0 0 0
−2 −2a− −2a2−ea0 0 0 0


. (21)
In a similar fashion, we can also read off the antisymmetric field tensor BMN which is
found to have the following nonvanishing components
B23 = 2ka−e
a0 ,
B24 = −2a+ea0 ,
B26 = 2a−,
B35 = −2a−ea0 ,
B36 = 2a
2
−
ea0 .
(22)
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Having found out the background spacetime metric and the antisymmetric fields let us
turn to the conformal invariance of the theory. Being an WZW model, we expect our
action to be conformally invariant. The 1-loop β-functions then must vanish (it can be
shown that there is no contribution from higher order diagrams, see [1]),
βGMN = RMN −
1
4
H2MN −DMDNφ = 0,
βBMN = D
LHLMN +D
LφHLMN = 0,
βφ = −R + 1
12
H2 + 2∇2φ+ (∇φ)2 + Λ = 0.
(23)
where φ is the dilaton and we have defined, HLMN = D[LBMN ], H
2
MN = HMPRH
PR
N , H
2 =
HMNRH
MNR and Λ = 2(c − 6)/3α′ with c being the central charge and √α′ = ls, is
the string length. The nonvanishing components of RMN are R13 = 2e
a0 and R22 = −1.
The Ricci scalar R vanishes and so does H2. The surviving components of H2MN are
H213 = 8e
a0 and H222 = −4. Collecting all these together one can easily verify that the
β-functions indeed vanish with φ = constant and c = 6. This is in conformity with
earlier results that the Virasoro central charge is an integer equal to the dimension of the
group manifold [2, 3, 5, 7, 18]. For WZW models, it is also possible to show the conformal
invariance in a nonperturbative way by carrying out the Sugawara construction. However,
the model lends itself to such a construction only if there exists a nondegenerate bilinear
form. Since, in the present case the algebra is nonsemisimple and the Killing-Cartan form
becomes noninvertible the standard Sugawara construction is no longer feasible. However,
we can obtain the following invariant form
LAB =


0 0 0 0 0 −1
4
0 0 0 0 1
2
0
0 0 0 −1
4
0 0
0 0 −1
4
0 0 k
4
+ 1
8
0 1
2
0 0 −k
2
− 1
4
0
−1
4
0 0 k
4
+ 1
8
0 0


(24)
obtained as a solution to (see [7])
LAB (2ΩBC + ωBC) = δ
A
C (25)
which satisfies the Virasoro master equation [20]
LAB = 2LACΩCDL
DB − LCDLEFfACEfBDF − LCDfFCEf [ADFLB]E (26)
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thereby bearing out the conformal invariance of the theory. The central charge is
c = 2LABΩAB = 6 (27)
as anticipated.
Finally, let us get back to a point we had raised at the beginning - that WZW models
provide exact string backgrounds. While the background we have obtained is an exact
string background, it is plagued by the presence of three timelike directions, as evident
from the signature of the metric, which is (+ + + − −−). This is, of course, not a very
physically appealing situation. In fact, there are earlier instances (see, for example, [2]
where d-dimensional centrally extended Euclidean algebra was considered, or [8]) where
such a metric with more than one timelike direction has been encountered. In such
cases one usually gauges an appropriate subgroup [8] to eliminate the unwanted timelike
directions and arrive at a physically meaningful spacetime. It will be interesting to see
whether the same can be done in the present case so that we can do away with two timelike
directions and arrive at a spacetime with a signature (+++−). If this is indeed possible
the resulting background might describe a more realistic string theory in (3+1)-spacetime
dimension. We leave this issue for future consideration.
Before closing this note, let us also comment on a potentially very interesting avenue
of future research. Our construction of the non-degenerate 2-form above relied on the
isomorphism between gca(2) and the Poincare´ algebra in (2+1)-dimension, iso(2, 1). This
isomorphism actually extends to the infinite dimensional 2-dimensional GCA (mentioned
previously) and the 3-dimensional Bondi-Metzner-Sachs algebra which is the asymptotic
symmetry algebra of 3-dimensional Minkowski spacetime [19]. This isomorphism has been
recently exploited in an attempt to understand flat-space holography [21, 22, 23]. With
our construction of the WZW model of gca(2) in this paper, we would like to further this
program. It is well-known that a Chern-Simons theory on a manifold with a boundary
induces a dynamical chiral WZW theory on the boundary [24, 25]. Gravity in 3-dimension
can be expressed as a Chern-Simons theory. Hence our construction of a WZW model of
gca(2) could be used in connection with a Chern-Simons formulation of flat-space gravity
in 3-dimension. Carlip [26] has used the Chern-Simons/WZW connection in AdS3 to
account for the entropy of BTZ black holes by a counting of states in the WZW theory.
Analogues of the BTZ black holes have been recently identified in 3-dimensional flat space
as cosmological solutions with horizons [23, 27]. The entropy of these objects have been
reproduced by a Cardy-like counting in the dual field theory [23] (see also [28]). It would
be very interesting to evoke Carlip’s original arguments in this context to re-derive the
entropy of these ”flat-BTZ”s in terms of a counting of states in the WZW model of gca(2).
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